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1 Motivation

Q1 What is the uncertainty over a mortality model?

Q2 How does this feed into uncertainty over the
liabilities?
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2 Estimation and likelihood
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2 Estimation by likelihood

Specify a statistical model with parameter θ.

Form the log-likelihood function, `(θ).

Find θ̂ which maximises `(θ).

θ̂ is the maximum-likelihood estimate (MLE) of
unknown true value θ∗.
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2 θ̂ in Longevitas

θ̂ is the Estimate column on the Model tab:
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2 Likelihoods in Longevitas
Profile log-likelihoods are in the Parameters tab:
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2 `(θ) in one dimension
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Source: Richards [2016, Figure 1].
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2 Maximum likelihood theorem

θ̂ has multivariate normal distribution (MVN)†.

This holds irrespective of the model structure.

θ̂ ∼ MVN(θ∗,Σ∗).

θ∗ and Σ∗ unknown, so use θ̂ and Σ̂.

θ̂ and Σ̂ both estimated from log-likelihood.

† Cox and Hinkley [1996, Chapter 9(iii)].

www.longevitas.co.uk 10/27



2 Σ̂ in Longevitas

Σ̂ is the covariance matrix on the Covariances tab:
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2 Σ̂ in Longevitas

Covariance of variable with itself is its variance.

Variance of Gender.F is 0.00171656.

Standard error of Gender.F is√
0.00171656 = 0.041431
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2 Standard errors

Standard errors in Longevitas:
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3 Liability valuation
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3 Valuation using θ̂

Enable valuation under Settings→Configuration:
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3 Valuation in Model tab
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3 Reserve estimate
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4 Valuation uncertainty
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4 Valuation uncertainty

θ̂ is uncertain.

So reserve, V (θ̂), is also uncertain.

Use delta method to approximate variance of
reserve.
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4 Delta method

θ̂ is a random variable, i.e. θ̂ ∼ MVN(θ̂, Σ̂).

Reserve, V (θ̂), is a function of a random variable.

Var[V (θ̂)] ≈ aT Σ̂a, where a =
∂V (θ)

∂θ

∣∣∣∣
θ=θ̂
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4 a in Derivatives section
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4 a in Derivatives section

a for males, females and combined:
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4 Reserve standard error
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5 Conclusions
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5 Conclusions

Maximum-likelihood estimation produces θ̂ and Σ̂.

Estimate of reserves using θ̂.

Estimate variance of reserves using delta method.

Implicit assumption of normal distribution for
reserve valuation.
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About this presentation

This presentation is about how to use the
mis-estimation features in the Longevitas

survival-modelling software.

For the theory and technical details, see

www.longevitas.co.uk/mis-estimation-risk
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1 Motivation
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1 Motivation

What is the true distribution of reserve values in
response to parameter uncertainty?
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2 Recap
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2 Recap

θ̂ is the maximum-likelihood estimate (MLE).

θ̂ has approximate MVN(θ̂, Σ̂) distribution.

Reserve, V (θ̂), is thus also a random variable.

Approximate variance of V (θ̂) using delta method.
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2 Problem

However:

Using delta method assumes that V (θ̂) is normally
distributed.

In practice V (θ̂) is not necessarily normally
distributed.

Want to know the true distribution of V (θ̂),
especially if not symmetric.
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3 Reserve distribution
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3 Reserve distribution

Sampling approach from Richards [2016]:

1. Sample θj from MVN(θ̂, Σ̂).

2. Calculate V (θj).

3. Repeat steps 1 and 2 for j = 1, 2, . . . , nsamp.

4. Resulting set of nsamp values represents sample
from true distribution of V (θ̂).
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3 Mis-estimation for pricing

Ensure the value-at-risk option is switched off:

www.longevitas.co.uk 11/26



3 Requesting mis-estimation

Specify mis-estimation on first modelling screen:
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3 Mis-estimation simulations

Specify nsamp for mis-estimation (and bootstrapping):
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3 Mis-estimation outputs

Mis-estimation and bootstrap results appear together:
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4 Delta method v. sampling

www.longevitas.co.uk 15/26



4 Delta method

Ask for delta method by enabling valuation derivatives
under Settings→Configuration:
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4 Delta method

Results of delta method under continuous valuation:
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4 Delta method

Males Females
Reserve (£m) 2,669 2,289
Standard error (£m) 17.5 10.0
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4 Sampling approach

Use mis-estimation output file:
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4 Sampling approach

Use mis-estimation output file:
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4 Sampling approach

Males Females
Reserve (£m) 2,669 2,290
Standard error (£m) 17.4 9.9
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4 Ratio of two approaches

Males Females
Reserve 100.00% 99.99%
Standard error 100.61% 99.80%
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5 Conclusions
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5 Conclusions

In this particular case, the delta method was a
highly accurate approximation.

This may not be true of all models and data sets.

Use either delta method or sampling
mis-estimation to understand response of reserve
estimate to parameter uncertainty.
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About this presentation

This presentation is about how to use the
mis-estimation features in the Longevitas

survival-modelling software.

For the theory and technical details, see

www.longevitas.co.uk/mis-estimation-risk
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1 Motivation
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1 Mis-estimation: value-at-risk

Q1 How sensitive is the mortality model to new data?

Q2 How sensitive is the reserve to model recalibration?

Q3 What capital is needed to cover recalibration risk?
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2 Pricing view v. value-at-risk
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2 Pricing v. VaR

Actual experience data

Value
actual

in-force
liabilities

Simulated
experience

Value
simulated
in-force

liabilities
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2 Liability valuation

Q. Why value liabilities at end of simulation period?

A. To simultaneously measure mis-estimation risk and
idiosyncratic risk; see Richards [2021, Table 9].
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2 VaR mis-estimation
Switch on VaR mis-estimation by selecting horizon:
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2 Liability valuation

Switch between actual in-force and simulated in-force:
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2 Idiosyncratic risk

Switch on output of simulated deaths and time lived:
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3 Simulation
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3 Recap

θ̂ is the maximum-likelihood estimate (MLE).

θ̂ has approximate MVN(θ̂, Σ̂) distribution.
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3 Simulation for VaR

Two options for simulating n-year experience:

1. Without parameter risk: just use θ̂.

2. With parameter risk: sample from MVN(θ̂, Σ̂).
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3 Parameter risk

Switch VaR parameter risk on or off in configuration:
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4 Conclusions
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4 Conclusions

Options for liability estimation risk in Longevitas:

1. Delta method. For pricing block transactions.
Assumes normal distribution for liability value,
which might not always be true.

2. Richards [2016]. For pricing block transactions.
Makes no assumption about distribution of
liability value.

3. Richards [2021]. Value-at-risk approach for
one-year Solvency II reporting, ORSA etc.
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