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Abstract

The COVID-19 pandemic caused outliers in many nations’ mortality data in 2020. Where
such outliers are present, they can severely affect the calibration of mortality-projection models.
If not handled correctly, such outliers can lead to biased mortality forecasts or excessive insurer
capital requirements for longevity trend risk. We use the methodology of Chen and Liu [1993]
to investigate the nature of the outlier caused by COVID-19 in four European countries, and to
create unbiased ARIMA forecasts with the Lee-Carter model. We present evidence that COVID-
19 represented (i) no outlier among females in Sweden, (ii) a level-shift outlier in the Netherlands,
and (iii) a multi-year temporary change in Italy, the UK and for males in Sweden. The mortality
effects of the COVID-19 pandemic thus appear to be persistent to varying degrees after 2020.
We show how continuing elevated post-pandemic mortality can be reflected by splitting an
ARIMA(p, 1, q) mortality forecast into its three constituent components: (i) a linear trend,
(ii) an ongoing outlier effect, and (iii) a cumulative stochastic deviation. Finally, we show that
there is a risk of later reclassification of outliers, with consequences for actuaries reserving for
pensions and annuities.

Keywords: COVID-19, mortality shocks, outliers, robust forecasting, ARIMA.

1 Introduction
Mortality projections are an important part of demographic work, including population projections,
forecast life expectancy, and forecast dependency ratios. Mortality projections are also an important
part of actuarial work, including reserving for pensions and annuities or the pricing of bulk annuities
and longevity reinsurance. Several important stochastic mortality-projection models rely on fore-
casting a univariate time index; examples include the model from Lee and Carter [1992] and the
Age-Period-Cohort (APC) model. Such univariate mortality time indices are often well represented
by an ARIMA model [Kleinow and Richards, 2016]. In this paper we will focus on actuarial aspects
of mortality forecasting with ARIMA models, but many of the points will also apply to non-actuarial
demographic work.

However, ARIMA models are sensitive to outliers [Martin et al., 1983, p.2]. An outlier is an
observation that materially distorts the parameterisation of an ARIMA model such that it leads to
(i) an incorrect central mortality forecast, (ii) a false statement of uncertainty around the forecast,
or (iii) a false statement about the capital to held in respect of longevity trend risk. For accurate
mortality forecasting we need ARIMA models that are not distorted by outliers. As demonstrated
in Figure 1, failure to handle outliers produces a poor-quality forecast.
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Figure 1: Logarithm of mortality hazard at age 70 in year y for males in UK — observed hazard (•) and
forecast hazard using ARIMA(p, 1, q) models for κy in a Lee-Carter model with and without outlier handling.
Source: own calculations using HMD data 1971–2022. The outlier is a temporary change (TC), as described
Section 4.

The mortality shock in 2020 associated with the COVID-19 pandemic [The Novel Coronavirus
Pneumonia Emergency Response Epidemiology Team, 2020] provided an outlier in many countries’
mortality data. Richards [2024] considered outlier-detection approaches for a wide variety of stochas-
tic mortality models. In each case, models were calibrated to UK mortality data up to and including
2020, i.e. the outlier lay at the end of data period and thus at the end of any mortality index. In
the case of ARIMA models for forecasting, Richards [2024, Section 4] provisionally assumed that
2020 was an additive outlier (AO). At the time this assumption was of little consequence, as “it is
impossible to empirically distinguish the type of an outlier occurring at the very end of a series”
[Chen and Liu, 1993, page 286].

The availability of subsequent post-pandemic data permits us to address further questions, in-
cluding what type of outlier was COVID-19? Is the outlier type the same for each country? Is the
outlier type the same for both sexes within a country? This paper seeks to answer these questions as
follows: Section 2 describes the data used; Section 3 describes how the period effects are estimated;
Section 4 describes the outlier types available in Chen and Liu [1993], and which are of relevance to
actuaries; Section 5 describes the structure of a regression ARIMA model without outliers; Section 6
extends this to show the structure of a regression ARIMA model allowing for outliers; Section 7 looks
at the nature of COVID-19 outliers in four European countries, while Section 8 considers the risk of
later outlier reclassification. Section 9 concludes.

Throughout this paper we will use κy to denote the univariate mortality period effect in calendar
year y. We follow Harvey [1981, equation (1.9)] in using ∆ to denote the backward difference operator,
i.e. ∆κy = κy − κy−1. Following Shumway and Stoffer [2010, page 61] we will also use B to denote
the backshift operator, i.e. Bκy = κy−1 and Biκy = κy−i. We will sometimes use polynomials in B
for conciseness and note that ∆κy = (1 − B)κy. In other publications the backshift operator, B, is
referred to as the lag operator, L, but the two are synonymous. An estimate of κy will be denoted
κ̂y, and estimation will typically be by maximum likelihood.
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2 Data
We use population data from the Human Mortality Database for lives aged 50 and over, as this
age range is most relevant for pensions and annuities in payment. We use data for Italy (1971–
2023), the Netherlands (1971-2023), Sweden (1971–2024) and the UK (1971–2022). In each case we
have the numbers of lives observed dying at age x in year y, dx,y, and the corresponding mid-year
exposed-to-risk, Ec

x,y. The data lend themselves naturally to fitting a model for the mortality hazard,
µx+0.5,y+0.5, but we drop the 0.5 henceforth for simplicity. The death counts, dx,y, are realisations
of a pseudo-Poisson count, Dx,y; as per Macdonald and Richards [2025], ‘pseudo-Poisson’ means
that the log-likelihood is identical to that of a Poisson model apart from normalising constants that
don’t affect maximum-likelihood estimation. We can therefore treat the death counts, dx,y, as though
they are realisations of Poisson random variables, although it is useful to remember that they are
not truly Poisson. In addition, dx,y will exhibit over-dispersion in practice [Djeundje and Currie,
2011], although this tends only to affect variance estimates and smoothing levels. Since this paper is
primarily concerned with mean estimation, we will ignore over-dispersion for simplicity. Plots of dx

at the start and end of each data set are shown in Figure 2.
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Figure 2: Deaths by age, dx, for four European countries at the start and end of each data set (males and
females combined). Source: own calculations using data from the Human Mortality Database, accessed 12th
April 2026.
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3 Estimating period effects
Period effects are denoted κy in the Lee-Carter [Lee and Carter, 1992] model for the mortality hazard
at age x and year y:

log µx,y = αx + βxκy (1)

which is fitted using the identifiability constraints described in Appendix A. We follow Brouhns et al.
[2002] and estimate parameters by maximising the following log-likelihood:

ℓ =
∑

x

∑
y

(
dx,y log µx,y − Ec

x,yµx,y

)
(2)

Maximum-likelihood estimation is preferable to the singular value decomposition (SVD) approach
of Lee and Carter [1992] or Girosi and King [2008], because SVD does not account for the widely
differing variances of log µx,y over age and time. We use the algorithm of Currie [2013] to apply
penalised-spline smoothing to αx and βx during parameter estimation, i.e. simultaneous estimation
and smoothing. Smoothing not only reduces the dimensionality of the model, but smoothing of βx in
particular improves forecast quality by minimising the crossover of mortality rates at adjacent ages
[Delwarde et al., 2007]. We do not smooth κy because of our prior expectation that there is not a
smooth underlying process. This differs from Richards and Currie [2009], who did smooth the κy

terms in the Lee-Carter model. However, in practice attempting to smooth the κy terms can lead to
under-smoothing - and volatile forecasts, even without pandemic shocks.

Regarding equation (1), Lee and Carter [1992, Appendix B] argued that uncertainty over κ̂ dom-
inates the forecast. We therefore make the simplifying assumption that Var(log µ̂x,y) = β̂2

xVar(κ̂y).
For forecasting purposes we will treat the κ̂y estimates as being observations of an ARIMA(p, d, q)
process, where p is the number of autoregressive parameters, d is the order of differencing and q is
the number of moving-average terms; see Gardner et al. [1980] or Shumway and Stoffer [2010, Section
3] for an introduction to ARIMA models for time series. Due to the close correspondence between
mortality-improvement rates and ∆κ̂y (see Appendix B), we will limit our attention to ARIMA(p, 1,
q) models. Of course, the κ̂y values are parameter estimates, not observed data, so this represents
a further simplifying assumption. In particular, the true underlying variance of κ̂y will likely be
heteroscedastic as population sizes have grown over time and the distribution of age at death has
changed shape (Figure 2).

The Lee-Carter models are fitted and the resulting estimates κ̂y are plotted in Figures 3-6 for
four European countries. We note that most of the ∆κ̂y values in Figures 3-6 lie below zero, i.e.
we require a non-zero mean or drift term, µ, in our ARIMA models for κy. Various outliers are
evident for 2020, although for females in Sweden (Figure 5b) it is unclear if there is any outlier at all.
Sometimes it is easier to spot the outlier in the undifferenced κ̂y values, other times it is clearer to
look at the differences, ∆κ̂y. Of particular interest is that COVID-19 appears to be a modest event
for Sweden in Figure 5, whereas for other countries COVID-19 led to a multi-year elevated mortality
that decayed over subsequent years. In this paper we will use the methodology of Chen and Liu
[1993] to formally test for different types of outlier, and in Section 6 we will consider how multi-year
outlier effects are carried forward into the ARIMA forecast of κy.
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Figure 3: Estimated period effects for Lee-Carter model in equation (1) calibrated using data for lives in
Italy aged 50 and over. Top row: κ̂y; bottom row: ∆κ̂y. Source: own calculations using data from the
Human Mortality Database, accessed 12th April 2026.
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Figure 4: Estimated period effects for Lee-Carter model in equation (1) calibrated using data for lives in
Netherlands aged 50 and over. Top row: κ̂y; bottom row: ∆κ̂y. Source: own calculations using data from
the Human Mortality Database, accessed 12th April 2026.
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Figure 5: Estimated period effects for Lee-Carter model in equation (1) calibrated using data for lives in
Sweden aged 50 and over. Top row: κ̂y; bottom row: ∆κ̂y. Source: own calculations using data from the
Human Mortality Database, accessed 12th April 2026.
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Figure 6: Estimated period effects for Lee-Carter model in equation (1) calibrated using data for lives in UK
aged 50 and over. Top row: κ̂y; bottom row: ∆κ̂y. Source: own calculations using data from the Human
Mortality Database, accessed 12th April 2026.
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4 Outlier types
Chen and Liu [1993] describe four types of outlier for ARIMA models: innovation outlier (IO),
additive outlier (AO), level shift (LS) and temporary change (TC). Richards [2024, Figure 3] argued
that actuaries should always leave IOs unhandled, as allowing for them suppresses the estimated
variance of the innovation process, σ̂2

ϵ . Thus, omitting IOs when calibrating ARIMA models for κ̂y

leads to unduly low value-at-risk capital requirements [Kleinow and Richards, 2016, Section 7]. We
therefore leave in IOs for actuarial work. The question then is whether COVID-19 represents an AO,
LS, TC or none of the three?

We begin by plotting some stylised outliers in an undifferenced stationary series without drift, Xt,
in Figure 7(a)-(c). The AO in Figure 7(a) represents a one-off mortality event with no downstream
consequences. The LS in Figure 7(b) represents a permanent step change. The TC in Figure 7(c)
causes an effect that persists over multiple time periods while decaying in strength. The bottom row
in Figure 7 shows the corresponding patterns in the first differences.
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Figure 7: Types of outliers in undifferenced series (•, top row) and their equivalent implied outlier patterns
in the differenced series (◦, bottom row). Note the equivalence of an LS in the undifferenced series to an
AO in the differenced series.

Looking at Figure 6, it seems that identifying the location of the outlier is easiest in ∆κ̂y, but
that outlier classification is visually easier in the κ̂y values. In particular, it looks like COVID-19
caused a TC outlier for males and females in both Italy and the UK. Visual evidence further suggests
that COVID-19 might have caused an LS outlier among females in the Netherlands. However, visual
assessment is inadequate — we will formally assess the outlier types in Section 7 and consider the
risk of outlier reclassification in Section 8.

Note that this paper is concerned with outlier identification and classification for ARIMA models.
There are other approaches to outliers caused by COVID-19, such as Cairns and Blake [2026]. There
is also a direct correspondence between the outlier types in Figure 7 and the jump processes of Goes
et al. [2025]: an AO is a transitory jump, an LS is a permanent jump and a TC is a vanishing jump.

7



8

5 ARIMA model structure without outliers
Let y be the last year of the data and let y + t denote each year in the forecast period, t ∈ 1, 2, . . ..
Let κy+t denote the univariate mortality index in year y +t. We assume that κy+t follows a first-order
ARIMA process with p autoregressive (AR) terms and q moving-average (MA) terms as follows:

ϕ(B)(1 − B)κy+t = µ + θ(B)ϵy+t (3)

where µ is the mean or drift term and ϵy+t is an innovation term with mean zero, constant variance
σ2

ϵ and where Cov(ϵi, ϵj) = 0, ∀i ̸= j. ϕ(B) and θ(B) are polynomials in the backshift operator, B:

ϕ(B) = 1 − ϕ1B − ϕ2B
2 − . . . − ϕpBp for the AR terms, and (4)

θ(B) = 1 + θ1B + θ2B
2 + . . . + θqB

q for the MA terms. (5)

In this paper we restrict our attention to models with p, q ∈ {0, 1, 2, 3}. Equations (4) and (5) use
the same representation of AR and MA polynomials as Harvey [1981, Section 4], Shumway and Stoffer
[2010, page 85] and in R’s arima() command, although some authors use different representations.
Richards [2024, Appendix B] showed that an ARIMA(p, 1, q) forecast for κy+t is then:

κy+t = κy + tµ

  
linear
trend

+
t

i=1

θ(B)
ϕ(B)ϵy+i

  
cumulative
stochastic
deviation

(6)

Equation (6) shows that an ARIMA(p, 1, q) model for κy+t is equivalent to a linear trend with
a cumulative stochastic deviation around that trend. Richards [2024, Appendix B] showed that the
same model can be fitted either as an ARIMA model with a mean [Richards, 2024, Figure 14] or
else as a regression ARIMA (REGARIMA) model [Richards, 2024, Figure 16]. The latter approach
becomes particularly convenient when outliers need to be accounted for.
An alternative way of expressing equation (3) is as an ARMA(p, q) process for ∆κy+t:

ϕ(B)∆κy+t = µ + θ(B)ϵy+t (7)

We can express equation (7) in terms of the ARMA process, Yt, in Chen and Liu [1993, equation
(1)]:

Yt = θ(B)
ϕ(B)(1 − B)ϵt (8)

where Yt = κy+t − tµ with Y0 = κy. Chen and Liu [1993, Section 1] consider a generalised differencing
polynomial α(B), but we follow Kleinow and Richards [2016] by fixing α(B) = 1 − B so that we
effectively have a model for mortality improvements (see Appendix B).

For the cumulative stochastic component in equation (6) we have the following:

t
i=1

θ(B)
ϕ(B)ϵy+i =




t
i=1

θ(B)ϵy+i for models without an AR component
t

i=1
ψ(B)ϵy+i for models with an AR component

(9)
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where ψ(B) is the infinite moving-average (MA(∞)) representation of the ARMA(p, q) process, i.e.
the solution to ψ(B)ϕ(B) = θ(B). The coefficients of ψ(B) are given by Harvey [1981, equation
(4.6)] and an implemention can be found in the ARMAtoMA() function in R. Parameter estimates for
selected ARIMA processes for κ are given in Table 1; by coincidence, the AICc [Hurvich and Tsai,
1989] is minimised in each case by an ARIMA(1,1,2) model (see Appendix C for the calculation of
an information criterion for ARIMA models).

Parameter Data period from 1971 to:
estimate 2013 2016 2019 2022

ϕ̂1 0.936371 0.835046 0.743796 0.933420
θ̂1 −1.612196 −1.286468 −1.163156 −1.657586
θ̂2 0.839883 0.696757 0.606703 0.903732
µ̂ −0.009653 −0.007754 −0.008283 −0.003733
σ̂2

ϵ 0.000074 0.000072 0.000062 0.000111

Table 1: Parameter estimates for ARIMA(1,1,2) models fitted to κ values for Lee-Carter models for UK
males from 1971 to the year shown. No outliers are assumed, even for the period ending 2022. Note how the
inclusion of COVID-19-affected data in the period 2020–2022 has inflated the variance estimate, σ̂2

ϵ , which
is the main driver for longevity trend risk capital under a value-at-risk (VaR) regime [Kleinow and Richards,
2016].

Each of the models in Table 1 has an MA(∞) representation with an infinite series of ψ coefficients.
Figure 8 shows how these coefficients decay to zero, with the principle driver being the estimate ϕ̂1.
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Figure 8: Estimated coefficients, ψ̂i, in MA(∞) representation of the ARMA(1,2) part of the models in
Table 1. Values of ϕ̂1 closer to 1 result in a slower decay of ψi to zero, which means longer-lasting deviations
from the linear trend. Note the reversed horizontal axis to show the decaying coefficients applied to error
terms in the more distant past towards the left.

Note that the only reliable hallmarks of the outlier in 2020 in Table 1 are the small absolute value
µ̂ and the large estimate of σ̂2

ϵ .
Forecasting using equation (6) is handled by R’s predict.Arima() function, which can be called

by passing the object returned by arima() to the predict() function. predict.Arima() manages

9
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the stochastic component of the forecast by using zero values for unobserved future innovations, thus
facilitating a gradual transition to the underlying linear forecast in the trend component. The speed
of this transition depends on the rate of decay to zero of the ψ coefficients shown in Figure 8, with
lower estimates of ϕ̂1 leading to faster decay to an ultimately linear forecast.

Simulated sample paths using equation (6) can be generated by taking the linear forecast and
generating N(0,σ2

ϵ ) variates for future innovations instead of using zero for a central forecast in
predict.Arima(). This sample-path simulation is done in R with the arima.sim() function. As
can be seen in Table 1, a non-robustified ARIMA model will have an inflated estimate σ̂2

ϵ ; if this
is combined with an estimate of ϕ̂1 close to 1, this will lead to wilder simulated sample paths due
to slower decay of the ψi terms in the MA(∞) representation of the model. Unrobustified ARIMA
models will therefore lead to over-statement of longevity trend-risk capital under Solvency II [Kleinow
and Richards, 2016]. Using simulated innovations in arima.sim() covers the volatility of mortality
in the individual forecast years in the stochastic component of equation (6). However, it does not
cover the trend uncertainty posed by the uncertainty over µ̂, which can be accounted for by using
µ̂ + Zse(µ̂), where Z ∼ N(0, 1). The volatility and trend uncertainty can be separately switched on
and off to explore their relative contributions to overall forecast or sample-path uncertainty. Kleinow
and Richards [2016, Section 7] used this to show that σ2

ϵ is the dominant driver of value-at-risk-style
capital requirements, not trend uncertainty, at least for Lee-Carter models using ARIMA forecasts
of κy+t.

6 ARIMA model structure with outliers
In equation (6) κy+t has a linear trend component and a cumulative deviation around the trend. In
equation (8) we showed how this could be re-expressed using the notation of Chen and Liu [1993].
We now follow Chen and Liu [1993, equation (19)] and define κ∗

y+t as the period effect containing m
possible outlier effects:

κ∗
y+t = κy+t +

m∑
j=1

ωjIj(y + t)
︸ ︷︷ ︸
outlier component

(10)

where ωj is the effect of the jth outlier. This gives us an equivalent to equation (6) capable of handling
outliers::

κ∗
y+t = κy + tµ

︸ ︷︷ ︸
linear
trend

+
m∑

j=1
ωjIj(y + t)

︸ ︷︷ ︸
outlier component

+
t∑

i=1

θ(B)
ϕ(B)ϵy+i

︸ ︷︷ ︸
cumulative
stochastic
deviation

(11)

For AO and LS outliers Ij(y + t) ∈ {0, 1} is an indicator function for the action of the jth outlier
in year y + t. Outliers occur in the data period, but the effects of some outlier types stretch into
the forecast period. Consider an example data period of 1971–2023 with a single outlier in 2020.
Table 2 illustrates I(y + t) for the various types of outlier — an AO outlier has no direct effect on the
forecast, but LS and TC outliers do. The operation of the TC outlier in Table 2 is reminiscent of the
“rocket and feather” description of Bacon [1991], albeit in a very different context — mortality rates
are quick to increase, but can take time to fall thereafter. As we will see in Section 7, TC outliers
appear to be the commonest response to COVID-19 in the four European countries examined.
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Year AO LS TC
1971 0 0 0
1972 0 0 0

... ... ... ...
2019 0 0 0
2020 1 1 1
2021 0 1 0.7
2022 0 1 0.49
2023 0 1 0.343
2024 0 1 0.2401
2025 0 1 0.16807
2026 0 1 0.117649

Table 2: Outlier function, I(y + t), for three types of outlier occurring in 2020. The data period covers
1971–2023 (i.e. y = 2023), while 2024–2026 are the first three years of the forecast. For the TC outlier we
use the default value δ = 0.7 [Chen and Liu, 1993, Section 1.1].

One aspect to note about the function Ij(y + t) in equation (11) and Table 2 is that it combines
the roles of Lj(B) and It(tj) in Chen and Liu [1993, equation (19)]. The two approaches have exactly
the same effect on the undifferenced series. Indeed, AO and LS outliers can be viewed as special
cases of TC outliers by noting that Ij(y + t) for the jth outlier occurring in year yj can be defined
as follows:

Ij(y + t) =




0, yj > y + t

δy+t−yj yj ≤ y + t
(12)

where δ = 0 for an AO, δ = 1 for an LS and 0 < δ < 1 for a TC. Equation (12) reproduces the
three patterns in Table 2, including AOs, if we follow Knuth [1992, p.6] and IEEE Computer Society
[2019, p.63] and adopt the convention that 00 = 1 for integer exponents.

Once the methodology of Chen and Liu [1993] has been used to identify the location, type and ef-
fect of outliers, they become part of the outlier component of the model and forecast in equation (11).
The same applies to the linear trend tµ after µ̂ has been estimated. The parameters of the outlier
component are estimated from the data period, but for LS and TC outliers their effect continues into
the forecast period, as shown in Table 2. The forecast {ϵy+t} values are different: their value is either
set to zero (for a central forecast) or simulated from a N(0,σ2

ϵ ) distribution (for generating sample
paths).

Note that for selecting an ARIMA(p, 1, q) model with outliers we use the AIC with the small-
sample correction described in Appendix C, with particular reference to the contribution of outliers
to the overall parameter count, k.

7 Nature and timing of outliers in four European countries
Table 3 shows the results of applying the methodology of Chen and Liu [1993] to the mortality data
of the four European countries described in Section 2. We fit the Lee-Carter model in equation (1)
with smoothed αx and βx parameters. For fitting a model to κ̂y we use the definition of the small-
sample-corrected AIC in Appendix C to search for the best-fitting ARIMA(p, 1, q) model with
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possible outliers, where p, q ∈ {0, 1, 2, 3}. As described in Section 4, we only search for AO, LS or
TC outliers, as we leave in IOs to avoid under-estimation of σ2

ϵ for financial applications. We have
used a critical threshold of 3.5 to avoid over-detection of outliers, as recommended by Richards [2024,
Section 4.3].

Females Males
Country Type ω2020 Type ω2020

Italy TC 0.068026 TC 0.082307
Netherlands LS 0.053908 LS 0.066529
Sweden no outlier detected TC 0.039624
UK TC 0.060115 TC 0.058469

Table 3: Outliers found using the methodology of Chen and Liu [1993], searching for AO, LS and TC outliers
with a critical threshold of 3.5. Outliers were only detected in 2020 and in no other years.

As expected, Table 3 only finds outliers (if at all) in 2020. This is partly a function of setting
the critical threshold to 3.5 to avoid spurious outlier detection. Table 3 also confirms what visual
inspection in Section 2 suggested: that there is no meaningful COVID-19 outlier among females in
Sweden (Figure 5(b)); that males and females in the Netherlands both appear to suffer from a level
shift due to COVID-19 (Figure 4(b)); and that males in Sweden and both sexes in Italy and the UK
suffer from a decaying TC effect of COVID-19 (Figure 5(a), Figures 3 and 6).

However, Table 3 also produces two results that are less obvious from visual inspection: that
males in the Netherlands also suffer from a level shift, despite Figure 4(a) looking like a decaying
TC; and that males in Sweden suffer from a decaying TC outlier, despite Figure 5(a) looking like an
AO.

We can use equation (11) to break down the components of the ARIMA forecast of κy+t. For
example, Figure 9(a) shows the ARIMA forecast of κ for females in Italy, together with the contri-
butions from the linear trend in panel (b), the TC outlier in panel (c) and the cumulative stochastic
deviation in panel (d). In contrast, Figure 10(a) shows the ARIMA forecast of κ for males in the
Netherlands, together with the contributions from the linear trend in panel (b), the LS outlier in
panel (c) and the cumulative stochastic deviation in panel (d).
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Figure 9: Illustration of a temporary change in ARIMA(1,1,0) central forecast of κ2023+t for females in
Italy. Panel (a) shows the forecast, while panels (b)–(d) show the components of the forecast according to
equation (11).
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Figure 10: Illustration of a level shift outlier in ARIMA(0,1,3) central forecast of κ2023+t for males in
the Netherlands. Panel (a) shows the forecast, while panels (b)–(d) show the components of the forecast
according to equation (11).

We have only considered outliers in ARIMA(p, 1, q) models for κy in a Lee-Carter model; Ap-
pendix D gives a brief overview of the relevance of outliers for mortality models that do not use
ARIMA forecasts.

8 TC outliers: the true value of δ and reclassification risk
In Table 3 we found a number of TC outliers using the a priori value of δ = 0.7 recommended by
Chen and Liu [1993, Section 1.1]. We also noted in equation 12 that LS outliers are a special case
of TC outliers with δ = 1. This gives rise to three closely related questions: (i) whether the a priori
value of δ = 0.7 is appropriate for COVID-19 temporary changes?; (ii) whether the TC outliers in
Table 3 might later be determined to be LS outliers with more data?; (iii) whether the LS outliers
in Table 3 might later be determined to be TC outliers? To assess this, we plot the AICc of selected
ARIMA models in Figure 11 for different values of δ.
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Figure 11: AICc v. δ for selected models in Table 3. The approach to calculating the AICc is described in
Appendix C. The horizontal axes vary because they are chosen to include only values of δ where the AICc
is within 4 units of the minimum AICc value, making the displayed range an approximate 95% confidence
interval for δ̂.

Figure 11 shows that the optimum value of δ for TC outliers in the UK and Italy is above the
default 0.7 recommended by Chen and Liu [1993, Section 1.1], although there is not yet conclusive
evidence that 0.7 can be rejected. Of interest is the fact that the optimum value of δ is higher for
females than for males in both Italy and the UK. In particular, the optimum value of δ̂ = 0.92 for
UK females suggests that the availability of further data beyond 2022 could yet cause the TC outlier
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to be later reclassified as an LS outlier. Similarly, it is possible that the LS outliers detected for the
Netherlands in Table 3 might be later reclassified as TC outliers with data beyond 2023.

With δ̂ for TC outliers looking likely to exceed 0.7, the effects of COVID-19 are likely to linger
in mortality experience data for years to come, especially if they might be later reclassified as LS
outliers. The possibility of later outlier reclassification is a particular risk for actuaries reserving for
pensions and annuities, as it will likely change the ARIMA parameters and could even lead to a
different choice of optimal p and q.

9 Conclusions
An ARIMA model is well suited to forecasting mortality rates dependent on a univariate time index
[Kleinow and Richards, 2016]. More specifically, an ARIMA(p, 1, q) forecast can be decomposed into
a linear trend and a cumulative stochastic component, as shown in equation (6). Using an ARIMA(p,
1, q) model within a Lee-Carter framework corresponds closely to a model of mortality improvements,
as shown in Appendix B.

To deal with mortality patterns caused by COVID-19, we can identify various types of outlier in
an ARIMA model using the methodology of Chen and Liu [1993]. For actuarial purposes we focus
on handling additive outliers, level shifts and temporary changes. In contrast, we leave innovation
outliers as they are, since including them in the model leads to under-statement of value-at-risk
capital requirements for longevity risk [Richards, 2024, Section 4.2]. Modern mortality work often
involves relatively short time series, so a critical threshold of 3.5 is used in the Chen-Liu framework
to avoid spurious outlier detection.

Evidence suggests that the type of outlier caused by COVID-19 varies by country and sex. In
particular, females in Sweden look like they experienced no outlier at all, while both males and
females in the Netherlands experienced a level shift from 2020 onwards. Both males and females in
Italy and the UK experienced a temporary change commencing in 2020 and decaying in strength
thereafter. An ARIMA(p, 1, q) forecast can then be decomposed into a linear trend, an ongoing
outlier effect and a cumulative stochastic component. The precise nature of the outlier caused by
COVID-19 therefore needs to be acknowledged by actuaries when calibrating stochastic projection
models for pricing, reserving and setting capital requirements.

Tentative evidence suggests that the value of δ for TC outliers might be higher than the de-
fault value of 0.7 recommended by Chen and Liu [1993, Section 1.1]. If so, TC outliers will have
longer-lasting effects in mortality experience and forecasts. Outliers may even be later reclassified,
with switches between TC and LS outliers conceivable with more experience data. This possibility
warrants prudence in actuarial forecasts of mortality for pensions and annuities business, as outlier
reclassification will change ARIMA forecasts.
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Appendices
A Lee-Carter identifiability constraints
The Lee-Carter model in equation (1) is not identifiable — there is an infinite number of parameter-
isations that produce the same fitted values log µ̂x,y. Various authors have therefore used different
identifiability constraints. Lee and Carter [1992] used the following:

∑
y

κy = 0 and
∑

x

βx = 1 (13)

while Renshaw and Haberman [2003] used the following

κ1 = 0 and
∑

x

βx = 1 (14)

Equation systems (13) and (14) are linear constraints that uniquely identify the parameters in
the Lee-Carter model. In contrast, Girosi and King [2008, p.35] used a non-linear constraint system:

∑
y

κy = 0 and
∑

x

β2
x = 1 (15)

which does not uniquely identify the Lee-Carter parameters since (−βx)2 = β2
x. For any set of

Lee-Carter parameters satisfying equation system (15), mapping κ̂y → −κ̂y ∀y and β̂x → −β̂x ∀x
will produce the same log µ̂x,y. Similarly, Richards and Currie [2009] used the following alternative
non-linear constraint system:

∑
y

κy = 0 and
∑

y

κ2
y = 1 (16)

which, like the Girosi-King system, does not uniquely identify the Lee-Carter parameters because
(−κy)2 = κ2

y. To make equation system (16) uniquely identify the Lee-Carter parameters we addi-
tionally specify that κ1 > κny , where ny is the number of years of observation. We have used the
constraint system in equation (16) in this paper, together with the condition κ1 > κny , to keep the
scale of the κ̂y estimates comparable between countries and sexes.

The choice of constraint system does not change the fitted values for log µx,y in equation (1) apart
from minor arithmetical rounding. Furthermore, while the parameter estimates α̂x, β̂x and κ̂y are
all affected by the choice of identifiability constraints, forecasts of log µx,y using an ARIMA model
for κy are invariant to the choice of identifiability constraint for the Lee-Carter and APC models.
This is not the case for all forecasting models — for example, the APCI model [Richards et al., 2019]
requires five identifiability constraints, and forecasts of log µx,y under the APCI model are not always
invariant to the choice of those identifiability constraints.

B Mortality improvements and ARIMA forecasting of κy

Let qx,y be the one-year probability of death aged x in year y. Willets [1999, 2004] introduced the
concept of a mortality improvement rate defined as follows:

1 − qx,y

qx,y−1
(17)
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Formula (17) produces positive values when mortality rates are falling. We can also use for-
mula (17) for the mortality hazard and, in doing so, we note an aspect of the Lee-Carter model in
equation (1):

1 − µx,y+t

µx,y+t−1
= 1 − exp (αx + βxκy+t)

exp (αx + βxκy+t−1)
(18)

= 1 − exp (βx(κy+t − κy+t−1)) (19)
= 1 − exp (βx∆κy+t) (20)

= 1 −
[
1 + βx∆κy+t + 1

2(βx∆κy+t)2 + . . .
]

(21)

≈ −βx∆κy+t (22)
The justification for the last step is that, even including the outliers, the largest absolute value

of ∆κ̂y+t in Figures 3-6 is around 0.06. The largest absolute value of β̂x (not shown) is around 3,
so 1

2(β̂x∆κ̂y+t)2 is typically much smaller than 0.0162, which is less than a tenth of the equivalent
β̂x∆κ̂y+t value. Thus, observed mortality improvements are broadly equivalent to ∆κ̂y+t after ap-
propriate scaling for age under the Lee-Carter model. Since an ARIMA(p, 1, q) model for κy+t is a
ARMA(p, q) model for ∆κy+t, there is a close link between forecasting mortality improvements and
forecasting κy+t using an ARIMA(p, 1, q) model.

C ARIMA model selection with outliers
When choosing the ARIMA model that best fits the estimated κ̂y+t series, a useful tool is an infor-
mation criterion such as the AIC from Akaike [1987]. This allows for the fact that different ARIMA
models have different numbers of parameters. However, there are two aspects to bear in mind for
mortality work. The first is that the sequence length — the number of κ̂y+t estimates — is typically
rather short at around ny = 50 observations [Richards, 2024, Appendix C]. As such, it is a good idea
to use the definition of the AIC with a small-sample correction when choosing an ARIMA model for
κy+t. We use the definition of Hurvich and Tsai [1989] for the AICc as follows:

AICc = AIC + 2k(k + 1)
ny − k − 1 (23)

where AIC is the usual definition of Akaike’s Information Criterion and k is the number of parameters
estimated in the ARIMA model. The denominator in equation 23 means that we reject any ARIMA
model that has k ≥ ny − 1 parameters.

The second aspect lies with the parameter count, k. In an ARIMA(p, 1, q) model without outliers
there are typically k = 2 + p + q parameters: (i) a variance estimate, σ̂2

ϵ , (ii) a drift term, µ̂, (iii) p
estimates of autoregressive coefficients and (iv) q estimates of moving-average coefficients. However,
an ARIMA model with m co-estimated outlier parameters actually has k = 2+p+q+3m parameters.
It is necessary to make this allowance, as it is possible for an ARIMA(p1, 1, q1) model to be estimated
without finding any outliers (i.e. m = 0), whereas an ARIMA(p2, 1, q2) model fitted to the same data
might find m > 0 outliers. Since any outlier parameters are co-estimated along with the ARIMA
parameters, the total number of outlier parameters needs to be included in the overall parameter
count for consistency. The multiplier 3 stems from the fact that each outlier has (i) a type, (ii) a
location and (iii) an effect. A consequence of this in the denominator of equation 23 is that we reject
any ARIMA model that ‘identifies’ m ≥ (ny − p − q)/3 − 1 outliers.

Note that the multiplier 3 does not change if we set an a priori value for δ for a TC or estimate
δ̂ from the data. As shown in equation (12), the only thing distinguishing AO, LS and TC outliers
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is the value of δ. It makes no difference to the parameter count if the domain of δ is restricted to a
small set like {0, 0.7, 1} or is free to take values in the real interval [0, 1].

D Other stochastic projection models
The main body of the paper considers only mortality models that rely on an ARIMA time-series
forecast of a univariate index, κy. However, there are many important forecasting models that do
not. Examples include penalty projections [Currie et al., 2004], bivariate random walks with drift
[Cairns et al., 2006] and trivariate random walks with drift [Cairns et al., 2009]. Four-dimensional
random walks are possible in theory, but in practice the data often better support the replacement
of one of the time indices with a constant, thus reducing the forecast to a trivariate random walk
[Richards, 2023].

D.1 2DAP model
Currie et al. [2004] presented a two-dimensional, penalised-spline model for mortality in age and time
(the 2DAP model). Forecasting is done by extrapolating the penalty function in the time dimension.
Kirkby and Currie [2010] presented an extension of the 2DAP model to include period effects like
mortality shocks. There is no attempt to identify outliers or their location, as period effects are
estimated for every year. Since there is no attempt to locate outliers, there is also no attempt to
classify their type. Note that while period effects are regarded as independent of each other, there
is the option for an indirect link in Kirkby and Currie [2010] — a smoothing constant is applied to
each period effect, and this smoothing constant can be scaled relative to the size of the largest period
effect. This results in heavier smoothing for minor period effects; see Richards [2024, Figures 11 and
12] for an illustration.

The net effect of the model from Kirkby and Currie [2010] is to make the smoothing splines in
calendar time more closely identified with the local trend in mortality, with annual deviations from
the trend accounted for by the period effects. Note that what counts as ‘local trend’ depends on the
knot spacing used for the splines (a knot spacing of five or more years is typically used in the time
dimension). Any potential distortion from outliers is absorbed into the period effects, thus making
the penalty projection a more stable extrapolation of recent trend mortality; see Richards [2024,
Figure 13] for an illustration. Thus, the 2DAP model with period effects does not need to classify
the type of outlier.

D.2 Multivariate random walks with drift
The Cairns-Blake-Dowd and Tang-Lee-Tickle model families forecast mortality via a multivariate
random walk with drift. Richards [2024] allowed for outliers using the detection methodology of
Galeano et al. [2006], which identifies the location of outliers, but does not classify them. This is
because a random walk with drift is memoryless — the next value in time depends only on (i) the
current value, (ii) the drift term, and (iii) a random innovation uncorrelated with all other innovation
terms. There is therefore no scope for identifying the outlier type, as there is for an ARIMA model
for a univariate index. This would change if the multivariate random walk were replaced with,
say, a more general vector ARMA (VARMA) model [Tsay, 2014] for differences in the time index.
However, reliably estimating the many parameters of a VARMA model would be challenging for
mortality forecasting, as typically there are only fifty or so relevant observations in a sequence.

An important aspect of the application of Galeano et al. [2006] to mortality forecasting is that
there are fewer false positives when using differenced multivariate mortality series, as opposed to
using the undifferenced series [Richards, 2024, Appendix C].
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