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1 The COVID-19 problem
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COVID-19 forecasting problem
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Source: Richards [2024, Figure 4(b)]. Data for males in England & Wales, 1971-2020.
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COVID-19 bias problem

Q Why don’t we just do nothing and let the problem
fade into history?

A COVID-19 biases parameter estimates, wherever it
sits in the data.
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COVID-19 bias problem

σ̂2 is the estimate of volatility in κy.

σ̂2 drives VaR capital requirements in Lee-Carter
model [Kleinow and Richards, 2016].

σ̂2 = 1.05× 10−4 without handling 2020 outlier.

σ̂2 = 5.18× 10−5 allowing for 2020 outlier.

⇒ allowing for outlier halves the parameter estimate
that drives VaR capital requirements.

Source: σ̂2 estimates from Richards [2024, Figures B.5 and B.6].
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2 Forecasting models
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Lee-Carter model

Let µx,y denote the mortality hazard at age x in year y.

Lee and Carter [1992] proposed a log-bilinear model:

log µx,y = αx + βxκy

with two identifiability constraints.
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Lee-Carter forecasting

Forecast mortality by projecting κy.

Lee & Carter used a random walk with drift. . .

. . .but ARIMA models often fit better.

www.longevitas.co.uk 10/33

http://www.longevitas.co.uk


ARIMA models fit better
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Source: own calculations using κy estimates for males in England & Wales, 1971-2019.
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Random walk with drift

∆κy − µ = ϵy

where:

∆ is the backward difference operator,

µ is the constant annual drift term, and

{ϵy} is a collection of uncorrelated innovations
with mean zero and constant variance σ2.
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ARIMA(p, 1, q) model

ϕ(B) [∆κy − µ] = θ(B)ϵy

where:

B is the backshift operator, i.e. Bκy = κy−1,

ϕ(B) = 1− ϕ1B − ϕ2B
2 − . . .− ϕpB

p, and

θ(B) = 1 + θ1B − θ2B
2 − . . .− θqB

q.
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Forecasting t steps ahead

Random walk with drift:

κy+t = κy + tµ︸ ︷︷ ︸
linear
trend

+
t∑

i=1

ϵy+i

ARIMA(p, 1, q) model:

κy+t = κy + tµ︸ ︷︷ ︸
linear
trend

+
t∑

i=1

θ(B)

ϕ(B)
ϵy+i︸ ︷︷ ︸

cumulative
stochastic
deviation

Source: Richards [2026, Section 5].
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3 Outliers
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Types of outlier

Additive Outlier (AO) Level Shift (LS)

Temporary Change (TC)

Source: Richards [2026, Figure 7].
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Outlier detection

Chen and Liu [1993] proposed test statistics to:

1. Identify location of outliers, and

2. Classify type of outlier.

Note: The type cannot be determined for an outlier at
the end of a series.
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Types of outlier

Additive Outlier (AO) Level Shift (LS)

Temporary Change (TC)
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Types of outlier

Additive Outlier (AO) Level Shift (LS)

Temporary Change (TC)
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Outliers

Let κ∗
y+t denote κy+t contaminated by m outliers:

κ∗
y+t = κy+t +

m∑
j=1

ωjIj(y + t)︸ ︷︷ ︸
outlier component

where:
ωj is the size of outlier j, and

Ij(y + t) is the relative effect of outlier j at y + t.

Source: Richards [2026, Section 6].
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Value of Ij
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2020 outliers: Italy
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Source: Richards [2026, Figure 3 and Table 3].
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2020 outliers: Netherlands
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Source: Richards [2026, Figure 4 and Table 3].
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2020 outliers: Sweden
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Source: Richards [2026, Figure 5 and Table 3].
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2020 outliers: UK
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Source: Richards [2026, Figure 6 and Table 3].
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Outliers in an ARIMA model

Random walk with drift:

∆κy − µ = ϵy

ARIMA model:

ϕ(B) [∆κy − µ] = θ(B)ϵy

ARIMA model with m outliers:

ϕ(B)

[
∆κ∗

y − µ−∆
m∑
j=1

ωjIj(y)

]
= θ(B)ϵy
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Forecasting with outliers

Forecasting t steps ahead:

κ∗
y+t = κy + tµ︸ ︷︷ ︸

linear
trend

+
m∑
j=1

ωjIj(y + t)︸ ︷︷ ︸
outlier component

+
t∑

i=1

θ(B)

ϕ(B)
ϵy+i︸ ︷︷ ︸

cumulative
stochastic
deviation

Source: Richards [2026, Section 6].
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Forecast components

ARIMA(1,1,0) central forecast of κ∗
2023+t for females in Italy.
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Source: Richards [2026, Figure 9].
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4 Conclusions
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4 Conclusions

1. ARIMA models fit data better than a random
walk with drift.

2. Methodology of Chen and Liu [1993] identifies
position and type of outliers.

3. COVID-19 caused lasting mortality effects in many
countries.

4. Forecast components:
4.1 Linear trend,
4.2 Ongoing outlier effects, and
4.3 Cumulative stochastic deviation.
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5 Legal matters

Longevitas is a registered trademark:

in the UK (No. 2434941),

in the USA (No. 3707314), and

in the European Union (No. 5854518).
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